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Abstrat
Given g and f = gg′, we onsider solutions to the following non linear wave equation :{
utt − urr − 1
r
ur = −f(u)
r2
,
(u, ut)|t=0 = (u0, u1).
Under suitable assumptions on g, this equation admits non-onstant stationary solutions :
we denote Q one with least energy. We araterize ompletely the behavior as time goes to
±∞ of solutions (u, ut) orresponding to data with energy less than or equal to the energy
of Q : either it is (Q, 0) up to saling, or it satters in the energy spae.
Our results inlude the ases of the 2 dimensional orotational wave map system, with
target S
2
, in the ritial energy spae, as well as the 4 dimensional, radially symmetri
Yang-Mills elds on Minkowski spae, in the ritial energy spae.
1 Introdution
In this paper we study the asymptoti behavior of solutions to a lass of non-linear wave
equations in R × R, with data in the natural energy spae. The equations overed by our
results inlude the 2 dimensional orotational wave map system, with target S
2
, in the ritial
energy spae, as well as the 4 dimensional, radially symmetri Yang-Mills elds on Minkowski
spae, in the ritial energy spae.
The equations under onsideration admit non-onstant solutions that are independent of
time, of minimal energy, the so-alled harmoni maps Q (see [3℄ and the disussion below). It
is known, from the work of Struwe [13℄, that if the data has energy smaller than or equal to the
energy of Q, then the orresponding solution exists globally in time (see Proposition 1 below).
(A reent result [8℄ shows that large energy data may lead to a nite time blow up solution for
the 2 dimensional orotational wave map system, with target S
2
 see also [9℄). In this paper,
we show that, for this lass of solutions, an alternative holds : either the data is (Q, 0) (or
(−Q, 0) if −Q is also a harmoni map), modulo the natural symmetries of the problem, and
the solution is independent of time, or a (suitable) spae-time norm is nite, whih results in
the sattering at times ±∞. Thus the asymptoti behavior as t→ ±∞ for solutions of energy
∗
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smaller than or equal to that of Q, is ompletely desribed. Beause of the existene of Q, the
result is learly sharp.
The result is inspired by the reent works [6, 5℄ of the last two authors, who developed a
method to attak suh problems, reduing them, by a onentration-ompatness approah, to
a rigidity theorem. An important element in the proof of the rigidity theorem in [6, 5℄ is the
use of a virial identity. This is also the ase in this work, where the virial identity we use in the
proof of Lemma 8 is very lose to the one used in Lemma 5.4 of [5℄. Lemma 8 in turn follows
from Lemma 7, whih has its origin in the work of the rst author [3℄. The onentration-
ompatness approah we use here is the same as the one in [5℄, with an important proviso.
The results in [5℄ are established for dimension N = 3, 4, 5, while here, in order to inlude
the ase of radial Yang-Mills in R
4
, we need to deal with a ase similar to N = 6 ; it also
establishes the result in [5℄ for N = 6. This is arried out in Theorem 2 below.
It is onjetured that similar results will hold without the restrition to data with symmetry
(for wave maps or Yang-Mills elds). These are extremely hallenging problems for future
researh.
We now turn to a more detailed desription of our results. Let g : R → R be C3 suh
that g(0) = 0, g′(0) = k ∈ N∗, denote f = gg′, and N be the surfae of revolution with polar
oordinates (ρ, θ) ∈ [0,∞)×S1, and metri ds2 = dρ2+ g2(ρ)dθ2 (hene N is fully determined
by g).
We onsider u, an equivariant wave map in dimension 2 with target N , or a radial solution
to the ritial Yang-Mills equations in dimension 4, that is, a solution to the following problem
(see [10℄ for the derivation of the equation).
 utt − urr −
1
r
ur = −f(u)
r2
,
(u, ut)|t=0 = (u0, u1).
(1)
At least formally, the energy is onserved by suh wave maps :
E(u, ut) =
∫ (
u2t + u
2
r +
g2(u)
r2
)
rdr = E(u0, u1).
Shatah and Tahvildar-Zadeh [11℄ proved that (1) is loally well posed in the energy spae
H× L2 = {(u0, u1)|E(u0, u1) <∞.}.
For suh wave maps, energy is preserved.
>From Struwe [13℄ we have the following dihotomy regarding long time existene of solu-
tions to (1), depending on the geometry of the target manifold N , and thus on g :
• If g(ρ) > 0 for all ρ > 0 (and ∫∞0 g(ρ)dρ =∞, to prevent a sphere at innity), then any
nite energy wave map is global in time.
• Otherwise there exists a non-onstant harmoni map Q, and one may have blow up (f.
[9, 8℄).
Our goal in this paper is to study the latter ase, and to desribe the dynamis of equivariant
wave maps and of radial solutions to the ritial Yang-Mills equations in dimension 4, with
energy smaller or equal to E(Q).
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1.1 Statement of the result
Notations and Assumptions :
Denote by v = W (t)(u0, u1) the solution to
 utt − urr −
1
r
ur − k
2
r2
u = 0,
(u, ut)|t=0 = (u0, u1).
(2)
W (t) is the linear operator assoiated with the wave equation with a quadrati potential.
For a single funtion u, we use E(u) for E(u, 0), with a slight abuse of notation, and we
also use
Eba(u) =
∫ b
a
(
u2r +
g2(u)
r2
)
rdr.
To avoid degeneray (existene of innitely small spheres), we assume that the set of points
where g vanishes is disrete. Denote G(ρ) =
∫ ρ
0 |g|. G is an inreasing funtion. We make the
following assumptions on g (that is on N , the wave map target) :
(A1) g vanishes at some point other than 0, and we denote C∗ > 0 the smallest positive real
satisfying g(C∗) = 0.
(A2) g′(0) = k ∈ {1, 2} and if k = 1, we also have g′′(0) = 0.
(A3) g′(−ρ) ≥ g′(ρ) for ρ ∈ [0, C∗] and g′(ρ) ≥ 0 for all ρ ∈ [0,D∗], where we denote by D∗
the point in [0, C∗] suh that G(D∗) = G(C∗)/2.
The rst assumption is a neessary and suient ondition on g for the existene of station-
ary solutions to (1), that is, non-onstant harmoni maps. Hene denote Q ∈ H the solution
to rQr = g(Q), with Q(0) = 0, Q(∞) = C∗ and Q(1) = C∗/2, so that (Q, 0) is a stationary
wave map (see [3℄ for more details). Note that
E(Q) = 2G(C∗).
The seond assumption is a tehnial one : the restrition on the range of k should be remov-
able using harmoni analysis. Reall that k ∈ N∗, and for equivariant wave maps, one usually
assumes g odd. To remain at a lower level of tehniality, we stik to the two assumptions in
(A2) whih enompass the ases of greater interest (see below).
The rst part of third assumption is a way to ensure that Q is a non-onstant harmoni
map (with Q(0) = 0) with least energy. The seond part arises ruially in the proof of some
positivity estimates. This assumption ould be somehow relaxed, but as suh enompasses the
two ases below, avoiding tehnialities whih are beside the point. We onjeture that this
assumption is removable.
These assumptions enompass
• orotational equivariant wave maps to the sphere S2 in energy ritial dimension n = 2
(g(u) = sinu, f(u) = sin(2u)/2), k = 1  we refer to [10℄ for more details).
• the ritial (4-dimensional) radial Yang-Mills equation (f(u) = 2u(1−u2), g(u) = (1−u2),
notie that to enter our setting we should onsider g˜(u) = g(u − 1) = u(2− u), k = 2 
we refer to [2℄ for more details).
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Reall that if u ∈ H, then u has nite limits at r → 0 and r →∞, whih are zeroes of g :
we denote them by u(0) and u(∞) (see [3, Lemma 1℄). We an now introdue
V(δ) = {(u0, u1) ∈ H × L2|E(u0, u1) < E(Q) + δ, u0(0) = u0(∞) = 0}. (3)
Denote H =
{
u|‖u‖2H =
∫ (
u2r +
u2
r2
)
rdr <∞
}
. As we shall see below (Lemma 2), for δ ≤
E(Q), V(δ) is naturally endowed with the Hilbert norm
‖(u0, u1)‖2H×L2 = ‖u0‖2H + ‖u1‖2L2 =
∫ (
u21 + u0
2
r +
u20
r2
)
rdr. (4)
Finally, for I an interval of time, introdue the Strihartz spae S(I) = L
2k+3
k
t∈I (dt)L
2k+3
k (r−2dr)
and
‖u‖S(I) = ‖u‖L2+3/kt∈I (dt)L2+3/kr (r−2dr).
Notie that S(I) is simply the Strihartz spae L
2+3/k
t,x adapted to the energy ritial wave
equation in dimension 2k+2 (see [5℄), under the onjugation by the map u 7→ u/rk. This spae
appears naturally, see Setion 3 for further details.
Theorem 1. Assume k = 1 or k = 2, and g satises (A1), (A2) and (A3). There exists δ =
δ(g) > 0 suh that the following holds. Let (u0, u1) ∈ V(δ) and denote by u(t) the orresponding
wave map. Then u(t) is global in time, and satters, in the sense that ‖u‖S(R) < ∞. As a
onsequene, there exist (u±0 , u
±
1 ) ∈ H × L2 suh that
‖u(t)−W (t)(u±0 , u±1 )‖H×L2 → 0 as t→ ±∞.
As a diret onsequene, we have the following
Corollary 1. Let (u0, u1) be suh that E(u0, u1) ≤ E(Q, 0), and denote by u(t) the orre-
sponding wave map. Then u(t) is global and we have the following dihotomy :
• If u0 = Q (or u0 = −Q if −Q is a harmoni map) up to saling, then u(t) is a onstant
harmoni map (ut(t) = 0).
• Otherwise u(t) satters, in the sense that there exist (u±0 , u±1 ) ∈ H × L2 suh that
‖u(t) −W (t)(u±0 , u±1 )‖H×L2 → 0 as t→ ±∞.
Remark 1. The fat that u(t) is global in time is a diret orollary of [13℄ (in fat one has
global well posedness in V(E(Q)) as realled in Proposition 1). The new point in our result is
linear sattering.
Remark 2. We onjeture that δ = E(Q). The only point missing for this is to improve Lemma
7 to δ = E(Q).
Remark 3. This result orresponds to what is expeted in a fousing setting. Similarly, there
is a defousing setting, in the ase g(ρ) > 0 for ρ > 0. Arguing in the same way as in Theorem
1, we an prove that if g saties (A2), (A3) and g′(ρ) ≥ 0 for all ρ ∈ R, then any wave map is
global and satters in the sense of Theorem 1. Again, we onjeture that the orret assumptions
for this result are g(ρ) > 0 for ρ > 0 and G(ρ) → ±∞ as ρ → ±∞ (to prevent a sphere at
innity).
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2 Variational results and global well posedness in V(E(Q))
First reall the pointwise bound derived from the energy
∀r, r′ ∈ R+, |G(u(r)) −G(u(r′))| ≤ 1
2
Er
′
r (u), (5)
with equality at points r, r′ if an only if there exist λ > 0 and ε ∈ {−1, 1} suh that
∀ρ ∈ [r, r′], u(ρ) = εQ(λρ).
(See [3, Proposition 1℄.)
Lemma 1 (V(δ) is stable through the wave map ow). If u ∈ H, u is ontinuous and has limits
at 0 and ∞ whih are points where g vanishes : we denote them u(0) and u(∞). Furthermore
if u(t) is a nite energy wave map dened on some interval I ontaining 0, then for all t ∈ I,
∀t ∈ I, u(t, 0) = u(0, 0) and u(t,∞) = u(0,∞).
In partiular, for all δ ≥ 0, V(δ) is preserved under the wave map ow.
Proof. The properties of u are well known : see [10℄ or [3℄. Let us prove that the u(t, 0) is
onstant in time by a ontinuity argument.
For all y suh that g(y) = 0, denote Iy = {t ∈ I|u(t, 0) = y}. Let t ∈ I.
As g vanishes on a disrete set, denote ε > 0 suh that if g(ρ) = 0, |G(ρ)−G(u(t, 0))| ≥ 2ε.
Sine u is dened in I, it does not onentrate energy in a neighbourhood of (t, 0) : there exists
δ0, δ1 > 0 suh that
∀τ ∈ [t− δ0, t+ δ0], Eδ10 (u(τ)) ≤ ε.
>From this and the pointwise bound, we dedue
∀τ ∈ [t− δ0, t+ δ0],∀r ∈ [0, δ1], |G(u(τ), 0) −G(u(τ, r)| ≤ ε/2.
Now ompute for t′ ∈ [t− δ0, t+ δ0] :∣∣∣∣
∫ δ1
0
G(u)(t, ρ)dρ −
∫ δ1
0
G(u)(t′, ρ)dρ
∣∣∣∣ ≤
∫ δ1
0
∫ t′
t
g(u(τ, ρ)|ut(τ, ρ)|dτdρ
≤ 1
2
∫ t′
t
E(u)dτ ≤ 1
2
E(u)|t − t′|.
Suppose t′ is suh that u(t, 0) 6= u(t′, 0), and then |G(u)(t, 0) −G(u)(t′, 0)| ≥ 2ε. Then∣∣∣∣
∫ δ1
0
G(u)(t, ρ)dρ −
∫ δ1
0
G(u)(t′, ρ)dρ
∣∣∣∣
≥
∣∣∣∣
∫ δ1
0
((G(u)(t, ρ) −G(u)(t, 0)) + (G(u)(t, 0) −G(u)(t′, 0)) +G(u)(t′, 0)−G(u)(t′, ρ)))dρ
∣∣∣∣
≥ δ1(2ε− ε/2 − ε/2) ≥ δ1ε.
We just proved that
1
2
E(u)|t′ − t| ≥ εδ1.
This means that Iu(t,0) is open in I. In the same way, I \ Iu(t,0) =
⋃
y, y 6=u(t,0) Iy is also open in
I, so that Iu(t,0) is losed in I. As I is onneted, I = Iu(t,0).
Similarly, one an prove that u(t,∞) is onstant in time. The rest of the Lemma follows
from onservation of energy.
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Lemma 2. There exists an inreasing funtion K : [0, 2E(Q)) → [0, C∗), and a dereasing
funtion δ : [0, 2E(Q)) → (0, 1] suh that the following holds. For all u ∈ H suh that E(u) <
2E(Q), and u(0) = u(∞) = 0, one has the pointwise bound
∀r, |u(r)| ≤ K(E(u)) < C∗.
Moreover, one has
δ(E(u))‖u‖H ≤ E(u) ≤ ‖g′‖L∞‖u‖H .
Proof. >From the pointwise bound (5), we have
|G(u)(r)| = |G(u)(r) −G(u)(0)| ≤ 1
2
Er0(u), |G(u)(r)| ≤
1
2
E∞r (u).
So that 2|G(u)(r)| ≤ E(u) < 2E(Q). As G is an inreasing funtion on [−E(Q), E(Q)], and
|G(−ρ)| ≥ G(ρ) for ρ ∈ [0, C∗], we obtain
|u(r)| ≤ G−1(E(u)/2) < G−1(E(Q)) = C∗.
Then K(ρ) = G−1(ρ/2) ts.
We now turn to the seond line. For the upper bound, notie that g(0) = 0 so that g2(ρ) ≤
‖g′‖2L∞ρ2, and ‖g′‖L∞ ≥ |g′(0)| ≥ 1.
For the lower bound, notie that as |u| ≤ K(E(u)) < C∗, then g2(u) ≥ δ(E(u))u2 for some
positive ontinuous funtion δ : (−C∗, C∗) → (0, 1] (g(ρ)/ρ is a ontinuous positive funtion
on (−C∗, C∗), δ(ρ) = min(1, inf{g(r)/r | |r| ≤ ρ})).
Proposition 1 (Struwe [13℄). Let (u0, u1) ∈ V(E(Q)). Then the orresponding wave map is
global in time, and satises the bound
∀t, r |u(t, r)| ≤ K(E(u0, u1)).
Proof. Indeed suppose that u blows-up, say at time T . By Struwe [13℄, there exists a non-
onstant harmoni map Q˜, and two sequenes tn ↑ T and λ(tn) suh that λ(tn)|T − tn| → ∞
and
un(t, r) = u
(
tn +
t
λ(tn)
,
r
λ(tn)
)
→ Q˜(r) Hloc(]− 1, 1[t×Rr).
>From Lemma 1, one dedues Q˜(0) = 0, and hene (with assumption (A3)) |Q˜(∞)| ≥ C∗.
However, as (u, ut) ∈ V(E(Q)), from Lemma 2, |u(t, r)| ≤ K(E(u)) < C∗ (uniformly in t).
Now {r ≥ 0||Q˜(r)| ≥ (K(E(u))+C∗)/2} is an interval of the form [AE(u),∞) (Q˜ is monotone)
so that ∫
t∈[−1/2,1/2]
∫
[AE(u),AE(u)+1]
|un(t, r)− Q˜(r)|2rdrdt ≥ (C∗ −K(E(u)))2/4 9 0.
This is in ontradition with the Hloc onvergene : hene u is global.
3 Loal Cauhy problem revisited
Denote ∆ = ∂rr +
2k+1
r ∂r =
1
r2k+1
∂r(r
2k+1∂r) the radial Laplaian in dimension R
2k+2
and
U(t) the linear wave operator in R2k+2 :
U(t)(v0, v1) = cos(t
√
−∆)v0 +
√
−∆sin(t
√
−∆)v1.
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Notie that
W (t)(u0, u1) = r
kU(t)(u0/r
k, u1/r
k), (6)
as v solves vtt −∆v = 0 if and only if rkv solves (2).
Given an interval I of R, denote
‖v‖N(I) = ‖v(t, x)‖N(t∈I)
= ‖v‖L∞t∈I H˙1x + ‖v‖L 2k+3kt∈I,x
+ ‖v‖
L
2(2k+3)
2k+1
t∈I W˙
1/2,
2(2k+3)
2k+1
x
+ ‖v‖
W 1,∞t∈I L
2
x
, (7)
where the spae variable x belongs to R2k+2. This norm appears in the Strihartz estimate
(Lemma 6).
Theorem 2. Assume k = 1 or 2. Problem (1) is loally well-posed in the spae H in the
sense that there exist two funtions δ0, C : [0,∞) → (0,∞) suh that the following holds. Let
(u0, u1) ∈ H × L2 be suh that ‖u0, u1‖H×L2 ≤ A, and let I be an open interval ontaining 0
suh that
‖W (t)(u0, u1)‖S(I) = η ≤ δ0(A).
Then there exist a unique solution u ∈ C(I,H) ∩ S(I) to Problem (1) and ‖u‖S(I) ≤ C(A)η,
(and we also have ‖u/rk‖N(I) ≤ C(A) and E(u, ut) = E(u0, u1)).
As a onsequene, if u is suh a solution dened on I = R+, satisfying ‖u‖S(R+) < ∞,
there exist (u+0 , u
+
1 ) ∈ H × L2 suh that
‖u(t)−W (t)(u+0 , u+1 )‖H×L2 → 0 as t→ +∞.
3.1 Preliminary lemmas
Let us rst reall some useful lemmas. We onsider Ds = (−∆)s/2 the frational derivative
operator and the homogeneous Sobolev spae
W˙ s,p = W˙ s,p(Rn) =
{
ϕ ∈ S ′(Rn)
∣∣∣ ‖ϕ‖W˙ s,p def= ‖Dsϕ‖Lp <∞} .
For integer s, it is well known that ‖ · ‖W˙ s,p is equivalent to the Sobolev semi-norm :
‖ϕ‖W˙ s,p ∼ ‖∇sϕ‖Lp .
Lemma 3 (Hardy-Sobolev embedding). Let n ≥ 3, and p, q, α, β ≥ 0 be suh that 1 ≤ q ≤ p ≤
∞, and 0 < (β − α)q < n. There exist C = C(n, p, q, α, β) suh that for all ϕ radial in Rn,
‖r nq−np−β+αϕ‖W˙α,p ≤ C‖ϕ‖W˙ β,q .
Proof. Given n, p, q and β, we show the estimate for α in the suitable range.
The ase α = 0 is the standard Hardy inequality in Lp ombined with the Sobolev embed-
ding (see [11℄ and the referenes therein - where the onditions n ≥ 3, 1 ≤ q ≤ p ≤ ∞ and
0 < β < n are required). If α is an integer, we use the Sobolev semi-norm : as
∂αr (r
γv) =
α∑
k=0
ckr
γ−k∂α−γr v,
the inequality follows from the ase α = 0.
In the general ase, let α = k+θ for k ∈ N and θ ∈]0, 1[, and γ = nq − np −β+α . We dene
ℓ so that β = ℓ+ θ, hene nq − np − ℓ+ k = γ. We onsider the operator T : ϕ 7→ Dk(rγD−ℓϕ) :
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T maps Lq to Lp and W˙ 1,q to W˙ 1,p (integer ase). By omplex interpolation (see [12℄), T maps
[Lq, W˙ 1,q]θ = W˙
θ,q
to [Lp, W˙ 1,p]θ = W˙
θ,p
. This means that
‖rγϕ‖W˙ k+θ,p ≤ C‖ϕ‖W˙ ℓ+θ,q ,
whih is what we needed to prove.
Lemma 4. If v = u/rk, then
1
3
∫
v2rr
2k+1dr ≤
∫ (
u2r +
u2
r2
)
rdr ≤ (k2 + 1)
∫
v2rr
2k+1dr.
Proof. First notie that vr = −ku/rk+1 + ur/rk, hene v2r ≤ (k2 + 1)(u2/r2k+2 + u2r/r2k) and∫
v2rr
2k+1dr ≤ (k2 + 1)
∫ (
u2r +
u2
r2
)
rdr.
Then from the Hardy-Sobolev inequality in dimension 2k + 2 ≥ 3 (optimal onstant is 1/k2),∫
u2
r2
rdr =
∫
v2
r2
r2k+1dr ≤ 1
k2
∫
v2rr
2k+1dr.
As ur = r
kvr + ku/r, u
2
r ≤ 2r2kv2r + 2k2u2/r2 and∫ (
u2r +
u2
r2
)
rdr ≤
(
2 +
1
k2
)∫
v2rr
2k+1rdr.
Lemma 5 (Derivation rules). Let 1 < p <∞, 0 < α < 1. Then
‖Dα(ϕψ)‖Lp ≤ C‖ϕ‖Lp1‖Dαψ‖Lp2 + ‖Dαϕ‖Lp3‖ψ‖Lp4 ,
‖Dα(h(ϕ))‖Lp ≤ C‖h′(ϕ)‖Lp1 ‖Dαϕ‖Lp2 .
‖Dα(h(ϕ) − h(ψ))‖Lp ≤ C(‖h′(ϕ)‖Lp1 + ‖h′(ψ)‖Lp1 )‖Dα(ϕ− ψ)‖Lp2
+ C(‖h′′(ϕ)‖Lr1 + h′′(ψ)‖Lr1 )(‖Dαϕ‖Lr2 + ‖Dαψ‖Lr2 )‖ϕ − ψ‖Lr3 ,
where
1
p =
1
p1
+ 1p2 =
1
p3
+ 1p4 =
1
r1
+ 1r2 +
1
r3
, and 1 < p2, p3, r1, r2, r3 <∞.
Proof. See [7, Theorem A.6 and A.8℄ with funtions whih do not depend on times, [7, Theorem
A.7 and A.12℄ and [5, Lemma 2.5℄.
>From now on, we work in dimension 2k+2 (radial), and the underlying measure is r2k+1dr
unless otherwise stated. In partiular, notie that from Lemma 5, we have :
‖D1/2(ϕψ)‖
L
2(2k+3)
2k+5
≤ ‖D1/2ϕ‖
L
2(2k+3)
2k+5
‖ψ‖L∞ + ‖ϕ‖
L
4(2k2+5k+3)
4k2+12k+7
‖D1/2ψ‖L4(k+1) . (8)
Reall
w = cos(t
√
−∆)v0 + sin(t
√−∆)√−∆ v1 +
∫ t
0
sin((t− s)√−∆)√−∆ χ(s)ds
solves the problem {
wtt −∆w = χ,
(w,wt)|t=0 = (v0, v1),
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Lemma 6 (Strihartz estimate). Let I be an interval. There exist a onstant C (not depending
on I) suh that (in dimension 2k + 2),
‖ cos(t√−∆)v0‖N(R) ≤ C‖v0‖H˙1x ,
‖sin(t
√−∆)√−∆ v1‖N(R) ≤ ‖v1‖L2x ,
‖
∫ t
0
sin((t− s)√−∆)√−∆ χ(s)ds‖N(I) ≤ ‖D
1/2
x χ‖
L
2(2k+3)
2k+5
t∈I L
2(2k+3)
2k+5
x
.
Proof. This result is well-known : see [5℄ and the referenes therein.
3.2 Proofs of Theorem 2 in the ase k = 1 and k = 2
Proof of Theorem 2. Denote v = u/rk. Then vr = ur/r
k − ku/rk+1, vrr = urrrk − 2kurrk+1 + k(k +
1) u
rk+2
, so that 
 vtt − vrr − (2k + 1)
vr
r
= −f(r
kv)− k2rkv
(rkv)1+2/k
v1+2/k,
(v, vt)|t=0 = (v0, v1) = (u0/rk, u1/rk).
(9)
This is something like the energy ritial wave equation in dimension 2k + 2.
Denote
h(ρ) =
f(ρ)− k2ρ
ρ1+2/k
.
Assume that h, h′ and h′′ are bounded on ompat sets : this is automati if g is C3 and saties
(A2). Indeed if k = 2, 1 + 2/k = 2 and it is a diret appliation of Taylor's expansion, and if
k = 1, 1 + 2/k = 3, and it sues to notie additionally that f ′′(0) = 3kg′′(0) = 0).
Our assumptions on (u0, u1) translate to :
‖v0‖H˙1 + ‖v1‖L2 ≤ CA, ‖U(t)(v0, v1)‖L2+3/kt∈I L2+3/kx ≤ Cη.
Consider the map Φ :
Φ : v 7→ cos(t
√
−∆)v0 + sin(t
√−∆)√−∆ v1 +
∫ t
0
sin((t− s)√−∆)√−∆ (v
1+2/k(s)h(rkv)(s))ds,
that is Φ(v) solves the (linear in Φ(v)) equation
 Φ(v)tt −Φ(v)rr − (2k + 1)
Φ(v)r
r
= −h(rkv)v1+2/k ,
(v, vt)|t=0 = (v0, v1) = (u0/rk, u1/rk).
(10)
We will nd a xed point for Φ, related to smallness in the norm :
‖v‖
L
2+3/k
t∈I,r
and ‖D1/2v‖
L
2(2k+3)/(2k+1)
t∈I,r
.
The Strihartz estimate shows that we are to ontrol ‖D1/2x (v1+2/kh(r1+2/kv))‖
L
2(2k+3)
2k+5
t∈I,x
. For
onveniene in the following, denote :
p =
4(k + 2)(2k2 + 5k + 3)
4k(k2 + 12k + 7)
.
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Now, we use (8) together with Lemma 3 and Lemma 5 :
‖D1/2(v1+2/kh(rkv))‖
L
2(2k+3)
2k+5
≤ ‖D1/2(v1+2/k)‖
L
2(2k+3)
2k+5
‖h(rkv)‖L∞ + ‖v1+2/k‖
L
4(2k2+5k+3)
4k2+12k+7
‖D1/2h(rkv)‖L4(k+1)
≤ C‖v2/k‖Lk+3/2‖D1/2v‖
L
2(2k+3)
2k+1
‖h(rkv)‖L∞ +C‖v‖1+2/kLp ‖h′(rkv)‖L∞‖rkv‖W˙ 1/2,4(k+1)
≤ C‖v‖2/k
L2+3/k
‖D1/2v‖
L
2(2k+3)
2k+1
‖h(rkv)‖L∞ + C‖v‖1+2/kLp ‖h′(rkv)‖L∞‖vr‖L2 .
>From interpolation of Lebesgue spaes and Hölder inequality,
∥∥∥‖v‖1+2/kLp ∥∥∥
L
2(2k+3)
2k+5
t
=
∥∥∥∥∥‖v‖
L
4(k+2)(2k2+5k+3)
k(4k2+12k+7)
r
∥∥∥∥∥
1+2/k
L
(1+2/k)(2(2k+3)/(2k+5)
t
≤ ‖v‖2/k
L
2+3/k
t,r
‖v‖
L
2(2k+3)/(2k+1)
t L
4(2k+3)(k+1)
4k2+4k−1
r
≤ ‖v‖2/k
L
2+3/k
t,r
‖D1/2r v‖
L
2(2k+3)
2k+1
t,r
and (11)
∥∥∥∥∥‖v‖2/kL2+3/kr ‖D1/2v‖L 2(2k+3)2k+1r
∥∥∥∥∥
L
2(2k+3)
2k+5
t
≤
∥∥∥‖v‖2/k
L
2+3/k
r
∥∥∥
L
k+3/2
t
‖D1/2v‖
L
2(2k+3)
2k+1
t,r
≤ ‖v‖2/k
L
2+3/k
t,r
‖D1/2r v‖
L
2(2k+3)
2k+1
t,r
. (12)
Using again Lemma 3 to show ‖rkv‖L∞ ≤ C‖vr‖L2 , we hene get our main estimate, for some
inreasing funtion ω (ω is a funtion of h, h′ and essentially the onstant in the Strihartz
estimate, and does not depend on I or v) :
‖D1/2x (v1+2/kh(rkv))‖
L
2(2k+3)
2k+5
t∈I,r
≤ ω(‖vr‖L∞t∈IL2r)‖v‖
2/k
L
2+3/k
t∈I,r
‖D1/2v‖
L
2(2k+3)
2k+1
t∈I,r
. (13)
We now turn to dierene estimates. Using the same inequalities, we get :
‖D1/2(v1+2/kh(rkv)− w1+2/kh(rkw))‖
L
2(2k+3)
2k+5
r
≤ C‖D1/2
(
(v1+2/k − w1+2/k)h(rkv)
)
‖
L
2(2k+3)
2k+5
+ C
∥∥∥∥D1/2
(
rkw1+2/k(v − w)
∫ 1
0
h′(θrk(v −w) + rkw)dθ
)∥∥∥∥
L
2(2k+3)
2k+5
≤ ‖D1/2(v1+2/k − w1+2/k)‖
L
2(2k+3)
2k+5
‖h(rkv)‖L∞
+ ‖v1+2/k − w1+2/k‖
L
4(2k2+5k+3)
4k2+12k+7
‖D1/2h(rkv)‖L4(k+1)
+ ‖D1/2(rkw1+2/k(v − w))‖
L
2(2k+3)
2k+5
∥∥∥∥
∫ 1
0
h′(θrk(v −w) + rkw)dθ
∥∥∥∥
L∞
+ ‖rkw1+2/k(v − w)‖
L
4(2k2+5k+3)
4k2+12k+7
∥∥∥∥
∫ 1
0
D1/2(h′(θrk(v − w) + rkw))dθ
∥∥∥∥
L4(k+1)
≤ ‖D1/2(v1+2/k − w1+2/k)‖
L
2(2k+3)
2k+5
‖h(rkv)‖L∞
+ ‖v − w‖Lp(‖v‖2/kLp + ‖w‖2/kLp )‖h′(rkv)‖L∞‖vr‖L2
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+(
‖D1/2(w2/k(v − w))‖
L
2(2k+3)
2k+5
‖rkw‖L∞ + ‖w2/k(v − w)‖
L
4(2k2+5k+3)
4k2+12k+7
‖D1/2(rkw)‖L4(k+1)
)
× sup
θ∈[0,1]
‖h′(rkv + θrk(w − v))‖L∞ + ‖rkw‖L∞‖w2/k(v − w)‖
L
4(2k2+5k+3)
4k2+12k+7
× sup
θ∈[0,1]
(
‖h′′(θrk(v − w) + rkw)‖L∞‖D1/2(rk(θv + (1− θ)w))‖L4(k+1)
)
.
Then we have as previously :
‖D1/2(w2/k(v − w))‖
L
2(2k+3)
2k+5
≤ C‖D1/2(v − w)‖
L
(2(2k+3)
2k+1
‖w2/k‖Lk+3/2 + C‖v − w‖L2+3/k‖D1/2(w2/k)‖
L
2(2k+3)
5
≤ C‖w‖2/k
L2+3/k
‖D1/2(v − w)‖
L
(2(2k+3)
2k+1
+ ‖w‖2/k−1
L2+3/k
‖D1/2w‖
L
(2(2k+3)
2k+1
‖v −w‖L2+3/k ,
‖w2/k(v − w)‖
L
4(2k2+5k+3)
4k2+12k+7
≤ ‖w‖2/kLp ‖v − w‖Lp .
Doing the omputations in eah ase k = 1 or k = 2, we have that
‖D1/2(v3 − w3)‖L10/7 ≤ ‖D1/2v − w‖L10/3(‖v‖2L5 + ‖w2‖2L5)
+ ‖v − w‖L5(‖D1/2v‖L10/3 + ‖D1/2w‖L10/3)(‖v‖L5 + ‖w‖L5) and
‖D1/2(v2 − w2)‖L14/9 = ‖D1/2((v − w)(v + w))‖L14/9
≤ C‖D1/2(v − w)‖L14/5(‖v‖L7/2 + ‖w‖L7/2)
+ C‖v − w‖L7/2(‖D1/2v‖L14/5 + ‖D1/2w‖L14/5).
so that in both ases
‖D1/2(v1+2/k − w1+2/k)‖
L
2(2k+3)
2k+5
≤ C(‖v‖L2+3/k + ‖w‖L2+3/k )2/k−1
(
(‖v‖L2+3/k + ‖w‖L2+3/k )‖D1/2(v − w)‖
L
2(2k+3)
2k+1
+(‖D1/2v‖
L
2(2k+3)
2k+1
+ ‖D1/2w‖
L
2(2k+3)
2k+1
)
‖v − w‖L2+3/k).
Here, the assumption k ≤ 2 is ruially needed. Finally observe that
|θv + (1− θ)w| ≤ |v|+ |w|, |D1/2(θv + (1− θ)w) ≤ |D1/2v|+ |D1/2w|.
We an now summarize these omputations, and using (11) and (12), we obtain the spae time
dierene estimate (up to a hange in the funtion ω, whih now depends on h, h′ and h′′, but
not on I or v) :
‖D1/2(v1+2/kh(rkv)− w1+2/kh(rkw))‖
L
2(2k+3)
2k+5
t∈I,r
≤ (ω(‖v‖L∞t∈I H˙1r ) + ω(‖w‖L∞t∈I H˙1r ))
× (‖v‖2/k−1
L
2+3/k
t∈I,r
+ ‖w‖2/k−1
L
2+3/k
t∈I,r
)
(
(‖v‖
L
2+3/k
t∈I,r
+ ‖w‖
L
2+3/k
t∈I,r
)‖D1/2(v − w)‖
L
2(2k+3)
2k+1
t∈I,r
+(‖D1/2v‖
L
2(2k+3)
2k+1
t∈I,r
+ ‖D1/2w‖
L
2(2k+3)
2k+1
t∈I,r
)‖v − w‖
L
2+3/k
t∈I,r
)
.
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Given a, b,A ∈ R+, I a time interval, introdue
B(a, b,A, I) =
{
v| ‖v‖
L
2+3/k
t∈I,r
≤ a, ‖D1/2v‖
L
2(2k+3)
2k+1
t∈I,r
≤ b, ‖v‖C(t∈I,H˙1r ) ≤ 2CA
}
.
Hene for v ∈ B(a, b,A, I), we have
‖Φ(v)‖
L
2+3/k
t∈I,r
≤ ‖U(t)(v0, v1)‖L2+3/kt∈I,r + ω(2CA)a
2/kb
‖D1/2Φ(v)‖
L
2(2k+3)
2k+1
t∈I,r
≤ ‖D1/2U(t)(v0, v1)‖
L
2(2k+3)
2k+1
t∈I,r
+ ω(2CA)a2/kb
‖Φ(v)‖C(t∈I,H˙1) ≤ ‖(v0, v1)‖H˙1×L2 + ω(2CA)a2/kb,
‖Φ(v)− Φ(w)‖N(I) ≤ 2ω(2CA)a2/k−1b(‖D1/2(v −w)‖
L
2(2k+3)
2k+1
t∈I,r
+ ‖v − w‖
L
2+3/k
t∈I,r
)
Case k = 1
We ompute 2 + 3/k = 5 and 2(2k+3)2k+1 = 10/3.
Given A, set b = 2CA and δ0(A) = min(1, 1/C,
1
8CAω(2CA)). Then for (v0, v1) suh that
‖(v0, v1)‖H˙1×L2 ≤ A and ‖U(t)(v0, v1)‖L5t∈I,r = η ≤ δ0(A), set a = 2η. Notie that the
Strihartz estimate gives
‖D1/2U(t)(v0, v1)‖L10/3t∈I,r ≤ CA.
Our relations now write (the main point is 2/k − 1 = 1 > 0) :
‖Φ(v)‖L5t∈I,r ≤
a
2
+ ω(2CA)(2δ0a)(2CA) ≤ a
‖D1/2Φ(v)‖
L
10/3
t∈I,r
≤ CA+ ω(2CA)(2δ0a)(2CA) ≤ 2CA
‖Φ(v)‖C(t∈I,H˙1) ≤ A+ ω(2CA)(2δ0a)(2CA) ≤ 2A,
‖Φ(v)− Φ(w)‖N(I) ≤
1
2
(‖D1/2(v − w)‖
L
10/3
t∈I,r
+ ‖v − w‖L5t∈I,r)
Hene Φ : B(a, 2CA,A, I) → B(a, 2CA,A, I) is a well dened 1/2-Lipshitz map, so that Φ
has a unique xed point, whih is our solution.
Case k = 2
We ompute 2 + 3/k = 7/2, 2(2k+3)2k+1 = 14/5 and
2(2k+3)
2k+5 = 14/9.
In this ase 2/k − 1 = 0, so that the proedure used in the ase k = 1 no longer applies (it
is the same problem as for the energy ritial wave equation in dimension 6).
However, we still have a solution on an interval I where both quantities ‖U(t)(v0, v1)‖L7/2t∈I,r
and ‖D1/2U(t)(v0, v1)‖L14/5t∈I,r are small.
Indeed, given A, set δ1(A) = min(1,
1
C ,
1
8ω(2CA) ). For (v0, v1) suh that ‖(v0, v1)‖H˙1×L2 ≤ A,
‖U(t)(v0, v1)‖L7/2t∈I,r = η ≤ δ1(A), and ‖D
1/2U(t)(v0, v1)‖L14/5t∈I,r = η
′ ≤ δ1(A), we set a = 2η and
b = 2η′. Then we have
‖Φ(v)‖
L
7/2
t∈I,r
≤ a
2
+ ω(2CA)a)(2δ0) ≤ a
‖D1/2Φ(v)‖
L
14/5
t∈I,r
≤ b
2
+ ω(2CA)(2δ1(A))b ≤ b
‖Φ(v)‖C(t∈I,H˙1) ≤ A+ ω(2CA)(2δ1(A))2 ≤ 2A,
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‖Φ(v)− Φ(w)‖N(I) ≤
1
2
(‖D1/2(v − w)‖
L
14/5
t∈I,r
+ ‖v − w‖
L
7/2
t∈I,r
)
Hene Φ : B(a, b,A, I) → B(a, b,A, I) has a unique xed point. We just proved the following
Claim : Let A > 0. There exist δ1(A) > 0 suh that for (v0, v1) with ‖(v0, v1)‖H˙1×L2 ≤ A,
and I suh that
‖U(t)(v0, v1)‖L7/2t∈I,r = η ≤ δ1(A), and ‖D
1/2U(t)(v0, v1)‖L14/5t∈I,r = η
′ ≤ δ1(A),
Then there exist a unique solution v(t) to (9) satisfying
‖(v, vt)‖L∞t∈I(H˙1×L2) ≤ 2A, ‖v‖L7/2t∈I,r ≤ 2η, ‖D
1/2v‖
L
14/5
t∈I,r
≤ 2η′.
Let us now do a small omputation.
Given h, n ∈ N and 0 = t0 < t1 < . . . < tn = T (with T ∈ (0,∞]), we have for i = 0, . . . , n,
‖
∫ t
0
sin((t− s)√−∆)√−∆ χ(s)ds‖N(ti,ti+1)
≤
i−1∑
j=0
‖
∫ tj+1
tj
sin((t− s)√−∆)√−∆ χ(s)ds‖N(ti,ti+1) + ‖
∫ t
ti
sin((t− s)√−∆)√−∆ χ(s)ds‖N(ti,ti+1)
≤
i−1∑
j=0
‖
∫ t
0
sin((t− s)√−∆)√−∆ (χ(s)1s∈[tj ,tj+1])ds‖N(ti,ti+1)
+ ‖
∫ t
ti
sin((t− s)√−∆)√−∆ (χ(s)1s∈[ti,ti+1])ds‖N(ti,ti+1)
≤
i−1∑
j=0
‖
∫ t
0
sin((t− s)√−∆)√−∆ (χ(s)1s∈[tj ,tj+1])ds‖N(R)
+ ‖
∫ t
0
sin((t− s)√−∆)√−∆ (χ(s)1s∈[ti,ti+1])ds‖N(R)
≤ C
i∑
j=0
‖D1/2x χ(s)1s∈[tj ,tj+1]‖L14/9s,x ≤ C
i∑
j=0
‖D1/2x χ‖L14/9
t∈[tj,tj+1]
L
14/9
x
(14)
Let us now omplete the ase k = 2. Let A > 0, dene n = n(A) suh that n = n(A) =
1/(4CAω(2CA)), so that 2CAω(2CA)/n ≤ 1/2 and δ0(A) = δ1(A)/2n+2 (reall δ1(A) =
min(1, 1C ,
1
8CAω(2CA))).
Let (v0, v1) be suh that ‖v0, v1‖H˙1×L2 ≤ A and for I = (T0, T1) an interval (possibly with
innite endpoints), ‖U(t)(v0, v1)‖L7/2t∈I,r = η ≤ δ0(A).
>From the Strihartz estimate, we also have
‖D1/2U(t)(v0, v1)‖L14/5t∈I,r ≤ CA.
>From (v0, v1), we have a solution v dened on a interval I˜ = [0, T ). We hoose J = (T
′
0, T
′
1) ⊂
I˜ to be maximal suh that
‖v‖
L
7/2
t∈J,r
≤ δ1(A), ‖D1/2v‖L14/5t∈J,r ≤ 2CA, ‖v‖C(J,H˙1) ≤ 2CA.
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>From the laim, we an hoose J non empty. Let T ′0 = t0 < t1 < . . . tn = T
′
1 be suh that
∀i ∈ J0, n − 1K, ‖D1/2v‖L14,5
t∈[ti,ti+1],r
≤ 2CA
n
≤ 1
2
1
ω(2CA)
.
>From (13) and (14), we obtain
‖v‖N(J) ≤ CA+ ω(2CA)‖v‖L7/2t∈J,r‖v‖N(J),
‖v‖
L
7/2
t∈[ti,ti+1],r
≤ ‖U(t)(v0, v1)‖L7/2
t∈[ti,ti+1],r
+ ω(2CA)
i∑
j=0
‖v‖
L
7/2
t∈[tj ,tj+1],r
‖D1/2v‖
L
14/5
t∈[tj ,tj+1],r
.
Let us denote ai = ‖v‖L7/2
t∈[ti,ti+1],r
for i ∈ J0, n − 1K. Then we have
‖v‖N(J) ≤ CA+
1
4
‖D1/2v‖
L
14/5
t∈I,r
≤ 3/2CA < 2CA, (15)
ai ≤ η + ω(2CA)
i∑
j=0
aj
2ω(2CA)
or equivalently ai ≤ 2η +
i−1∑
j=0
aj .
By reurrene, we dedue that
ai ≤ 2i+1η.
In partiular,
‖v‖
L
7/2
t∈JL
7/2
r
=
n−1∑
i=0
ai ≤ 2n+1η ≤ 2n+1δ0(A) < δ1(A). (16)
Hene, from with (15) and (16) and a standard ontinuity argument, we dedue that J = I˜ = I,
‖v‖N(I) ≤ 2CA and ‖v‖L7/2t∈I,r ≤ 2
n+1η = c(A)η.
Going bak to u, we obtain the rst part of Theorem 2, in both ases k = 1 and k = 2
(onservation of energy is lear from the onstrution).
Let us now prove the onsequene mentioned in Theorem 2. Given u, we assoiate v(t, r) =
u(t, r)/rk : v is dened on R+, and satises (9).
If we denote A = ‖(u, ut)‖L∞t (H×L2), then there exist T large enough suh that ‖u‖S([T,∞)) ≤
δ0(A). From the previous part, we have that
‖v‖N [T,∞) ≤ 2CA, ‖v‖L2+3/k
t∈[T,∞),r
≤ δ0(A).
Denote ν(t) = U(−t)v(t). Then
ν(t)− ν(s) =
∫ t
s
U(−τ)v1+2/k(τ)h(rkv)(τ)dτ.
Hene, for t ≥ s ≥ T , from the Strihartz estimate and (13), we have
‖ν(t)− ν(s)‖H˙1 + ‖νt(t)− νt(s)‖L2 ≤ ‖ν(τ)− ν(s)‖N(τ∈[s,t])
≤ ‖v1+2/k(τ)h(rkv)(τ)‖
L
2(2k+1)
2k+5
τ∈[s,t],r
≤ ω(2CA)‖v‖2/k
L
2+3/k
τ∈[s,t],r
(2CA)→ 0 as s, t→ +∞.
This means that (ν(t), νt(t)) is a Cauhy sequene in H˙
1 × L2, hene onverges to some
(v+, v+t ) ∈ H˙1 × L2.
Going bak to u, using Lemma 4 and remark (6), we obtain the seond part of Theorem
2.
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4 Rigidity property
Reall that g is suh that g(0) = 0, g′(0) = k ∈ N∗, with C∗ the smallest positive real suh
that g(C∗) = 0, f = g′g and G(ρ) =
∫ ρ
0 |g|(ρ′)dρ′ ; D∗ ∈ [0, C∗] is suh that G(D∗) = G(C∗)/2.
Introdue the energy density e(u, v) = v2 + u2r +
g2(u)
r2
and p(u) = u2r +
g2(u)
r2
. Denote
E(u, v) =
∫
e(u, v)rdr, Eba(u, v) =
∫ b
a
e(u, v)rdr,
and similarly for a single funtion u
E(u) =
∫
p(u)rdr, Eba(u) =
∫ b
a
p(u)rdr.
We will also need the funtion d(ρ) = ρf(ρ), whih is linked to the virial identity, and
F (u) =
∫ (
u2r +
d(u)
r2
)
rdr.
The following variational Lemma is at the heart of the rigidity theorem. Here is the only point
where we use assumption (A3), whih ensures that g′(ρ) ≥ 0 for ρ ∈ [−D∗,D∗].
Lemma 7. There exist c > 0 and δ ∈ (0, E(Q)) suh that for all u suh that (u, 0) ∈ V(δ), we
have
cE(u) ≤ F (u) ≤ 1
c
E(u).
Proof. Fix δ < E(Q). g2(u) ≥ ω(δ)u2 for some funtion ω : [0, E(Q)) → R+∗ , and |d(x)| ≤
‖g′‖2L∞x2, so that
F (u) ≤
(
1 +
‖g′‖2L∞
ω(δ)
)
E(u),
whih is the upper bound.
For the lower bound, we need assumption (A3) on g. Hene on [−D∗,D∗], d(x) ≥ 0, and
on [0,D∗], d(−x) ≥ d(x). Denote A = ∫ D∗0 √d(x)dx > 0. One easily sees that for v : [a, b] →
[−D∗,D∗] suh that v(a) = 0, |v(b)| = D∗ then∫ b
a
(
v2r +
d(v)
r2
)
rdr ≥ 2
∫ b
a
|vr
√
d(v(r))|dr ≥ 2
∫ D∗
0
√
d(x)dx = 2A.
In the same way, ∫ b
a
(
v2r +
g2(v)
r2
)
rdr ≥ 2G(D∗) = G(C∗).
Let δ > 0 to be determined later and u be suh that (u, 0) ∈ V(δ). Reall that ‖u‖L∞ ≤
K(E(Q) + δ) < C∗ (Lemma 2), and hene g(u) ≥ ω(E(Q) + δ)|u|.
Assume rst ‖u‖L∞ > D∗. Then let A1, A2 suh that u ∈ [−D∗,D∗] on both intervals
[0, A1] and [A2,∞) and |u(A1)| = |u(A2)| = D∗. Then∫ (
u2r +
d(u)
r2
)
rdr =
∫ A1
0
+
∫ A2
A1
+
∫ ∞
A2
≥ 4A+
∫ A2
A1
(
u2r +
d(u)
r2
)
rdr
Doing the same with the energy density, one gets∫ A1
0
(
u2r +
g2(u)
r2
)
rdr +
∫ ∞
A2
(
u2r +
g2(u)
r2
)
rdr ≥ 4G(D∗) = 2G(C∗) = E(Q).
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Hene EA2A1 (u) < δ. Now, we have
|d(u)| = |u||g′(u)||g(u)| ≤ ‖g′‖L∞ |u|g(u) ≤ ‖g
′‖L∞
ω(E(Q) + δ)
g2(u),
so that∫ A2
A1
(
u2r +
d(u)
r2
)
rdr ≥
∫ A2
A1
(
u2r −
‖g′‖L∞
ω(E(Q) + δ)
g2(u)
r2
)
rdr ≥ − ‖g
′‖L∞
ω(E(Q) + δ)
δ.
Finally, hoosing δ > 0 small enough so that ‖g
′‖L∞
ω(E(Q)+δ)δ ≤ 2A, we get∫ (
u2r +
d(u)
r2
)
rdr ≥ 4A− ‖g
′‖L∞
ω(E(Q) + δ)
δ ≥ 2A ≥ A
E(Q)
E(u).
This gives the lower bound with onstant
A
E(Q) .
Assume now that ‖u‖L∞ ≤ D∗. Then d(u) ≥ 0. As f(x) ∼ k2x as x → 0, let D > 0 be
suh that |f | ≥ k2/2x on the interval [−D,D]. If ‖u‖L∞ ≤ D, then of ourse
F (u) ≥
∫
u2rrdr +
k2
2‖g′‖2L∞
∫
g2(u)
r2
rdr ≥ min
(
1,
k2
2‖g′‖2L∞
)
E(u).
Otherwise, arguing as before, ‖u‖L∞ ∈ [D,D∗] and we see that F (u) ≥ 4
∫ D
0
√
d so that (as
E(u) < E(Q) + δ ≤ 2E(Q))
F (u) ≥ 2
∫ D
0
√
d
E(Q)
E(u).
Choosing δ > 0 small enough and c = min(2(
∫ D
0
√
d)/E(Q), A/E(Q)k2/(2‖g′‖2L∞), 1) ends the
proof.
Let ϕ be suh that ϕ(r) = 1 if r ≤ 1, ϕ(r) = 0 if r ≥ 2, and ϕ(r) ∈ [0, 1]. Denote
ϕR(x) = ϕ(r/R).
In the notation O, onstants are absolute (do not depend on R or t or u).
Lemma 8. Let (u, ut) ∈ V(δ) be a solution to (1). One has
d
dt
∫
uturr
2ϕR(r)dr = −
∫
u2t rdr +O(E∞R (u, ut)),
d
dt
∫
uutrϕR(r)dr =
∫ (
u2t − u2r −
uf(u)
r2
)
rϕR(r)dr +O(E∞R (u, ut)).
Remark 4. For the O, we an onsider the rest of the energy E∞R or equivalently the tail in
H × L2
τ(R,u, ut) =
∫ ∞
R
(
u2t + u
2
r +
u2
r2
)
rdr.
Proof. One omputes
d
dt
∫
uturr
2ϕR(r)dr
=
∫
utturr
2ϕR(r)dr +
∫
uturtr
2ϕR(r)dr
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=∫ (
urr +
1
r
ur − f(u)
r2
)
urr
2ϕR(r)dr − 1
2
∫
u2t (2rϕR(r) + r
2ϕ′R(r))dr
= −1
2
∫
u2t (2rϕR(r) + r
2ϕ′R(r))dr +
∫
u2r(rϕR(r)−
1
2
(r2ϕR(r))
′))dr +
1
2
∫
g2(u)ϕ′R(r)dr
= −
∫
u2t rϕR(r)dr +
1
2
∫ (
u2t − u2r +
g2(u)
r2
)
r2ϕ′R(r)dr
Now, notie that∣∣∣∣−
∫
u2t r(1− ϕR(r))dr −
1
2
∫ (
u2t − u2r +
g2(u)
r2
)
r2ϕ′R(r)dr
∣∣∣∣
≤
∫
e(u, ut)(1 − ϕR(r))rdr +
∫
e(u, ut)r
2|ϕ′R(r)|dr
≤ E∞R (u, ut) +
1
R
∫
e(u)r2|ϕ′(r/R)|dr
≤ (1 + 2‖ϕ′‖L∞)E∞R (u, ut).
>From this, we immediately dedue
d
dt
∫
uturr
2ϕR(r)dr = −
∫
u2t rdr +O(E∞R (u, ut)).
In the same way,
d
dt
∫
uutrϕR(r)dr =
∫
u2t rϕR(r)dr +
∫
uuttrϕR(r)dr
=
∫
u2t rϕR(r)dr +
∫
u
(
urr +
1
r
ur − f(u)
r2
)
rϕR(r)dr
=
∫ (
u2t − u2r −
uf(u)
r2
)
rϕR(r)dr +
1
2
∫
u2(rϕR(r))
′′dr
− 1
2
∫
u2ϕ′R(r)dr.
Then similarly∣∣∣∣
∫ (
u2t − u2r −
uf(u)
r2
)
r(1− ϕR(r))dr + 1
2
∫
u2(rϕR(r))
′′dr − 1
2
∫
u2ϕ′R(r)dr
∣∣∣∣
≤
∫ ∣∣∣∣u2t − u2r − uf(u)r2
∣∣∣∣ (1− ϕR(r))rdr + 12
∫
u2
r2
|r2ϕ′′R(r) + rϕ′R(r)|rdr
≤ C
∫
e(u, ut)(1− ϕR(r))rdr + C
∫
g2(u)
r2
∣∣∣∣ r2R2ϕ′′(r/R)− rRϕ′(r/R)
∣∣∣∣ rdr
≤ CE∞R (u, ut) + C(4‖ϕ′′‖L∞ + 2ϕ′‖L∞)E∞R (u, ut).
(The bounds on the third line ome respetively from the pointwise bounds |uf(u)| ≤ Cg2(u)
and u2 ≤ Cg2(u), whih holds aording to the proof of Lemma 7 (as E(u) ≤ E(Q)).
Theorem 3 (Rigidity property). Let (u0, u1) ∈ V(δ), and denote by u(t) the assoiated solu-
tion. Suppose that for all t ≥ 0, there exist λ(t) ≥ A0 > 0 suh that
K =
{(
u
(
t,
r
λ(t)
)
,
1
λ(t)
ut
(
t,
r
λ(t)
))∣∣∣∣ (t, r) ∈ R+
}
is preompat in H × L2.
Then u ≡ 0.
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Proof. Reall that u is global due to Proposition 1.
As K is preompat and λ(t) ≥ A0 > 0, for all ε > 0, there exists R(ε) suh that
∀t ≥ 0, E∞R(ε)(u, ut) < ε.
This means that
lim
R→∞
sup
t≥0
E∞R (u, ut) = 0.
Due to Lemma 8 and 7, we have
d
dt
(∫
uturr
2ϕR(r)dr +
1
2
∫
uutϕR(r)dr
)
= −1
2
∫ (
u2t + u
2
r +
uf(u)
r2
)
rdr +O(E∞R (u, ut))
≤ − 1
2C
E(u, ut) +O(E∞R (u, ut)).
Fix R large enough so that supt≥0O(E∞R (u, ut)) ≤ E(u)4C . Then by integration between τ = 0
and τ = t and onservation of energy :∫
uturr
2ϕR(r)dr +
1
2
∫
uutrϕR(r)dr ≤ −E(u, ut)
4C
t+ C0.
However, from niteness of energy and u2 ≤ Cg2(u), we have for all t,∣∣∣∣
∫
uturr
2ϕR(r)dr +
1
2
∫
uutrϕR(r)dr
∣∣∣∣
≤ 1
2
∫
(u2t + u
2
r)r
2ϕR(r)dr +
1
4
∫ (
u2t + C
g2(u)
r2
)
r2ϕR(r)
≤ RE(u, ut) + C
2
RE(u, ut),
so that this quantity is bounded, hene t ≤ 4C(2 + √C)R. This is a ontradition with the
fat that u is global in time.
5 Proofs of Theorem 1 and Corollary 1
Proof of Theorem 1. >From Theorem 2, we only need to show that ‖u‖S(R) <∞.
We onsider the ritial energy (for δ as in Lemma 7)
Ec = sup{E ∈ [0, E(Q) + δ]| ∀(u0, u1) ∈ V(δ), E(u0, u1) < E =⇒ ‖u(t)‖S(R) <∞}.
(reall that for initial data (u0, u1) ∈ V(δ), Proposition 1 already ensures that the orresponding
wave map u(t) is global in time).
Theorem 1 is the assertion Ec = E(Q) + δ. Assume this is not the ase.
Notie that Ec ≥ δ0 > 0, due to Theorem 2.
>From the work of Bahouri and Gerard [1℄, the ompensated ompatness proedure of
Kenig and Merle in [5℄ provides us with a ritial element (uc, uct) (in the ase Ec < E(Q)+δ) :
Proposition 2. There exists (uc0, u
c
1) ∈ H×L2, satisfying (uc0, uc1) ∈ V(δ), E(uc0, uc1) = Ec and
if we denote (uc, uct) the assoiated solution to Problem (1), u
c(t) is global and ‖uc‖S(R) =∞.
(Notie that uc is global due to the energy bound and Proposition 1).
We an assume without loss of generality that ‖uc‖S(R+) =∞. Following Kenig and Merle
[5℄, we also have (possibly hanging uc)
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Proposition 3. There exist A0 > 0 and a ontinuous funtion λ : R
+ → [A0,∞) suh that
the set
K =
{
v(t) ∈ H × L2|v(t, r) =
(
uc
(
t,
r
λ(t)
)
,
1
λ(t)
uct
(
t,
r
λ(t)
))}
has ompat losure in H × L2.
>From Theorem 3, we dedue that (uc, uct) = (0, 0), whih is a ontradition with E(u
c, uct) =
Ec > 0. Hene Ec = E(Q) + δ.
Proof of Corollary 1. Notie that if (u0, u1) is suh that E(u0, u1) ≤ E(Q) and (u0, u1) /∈ V(δ),
then (as u0(0) = 0), u0(∞) ≥ C∗, and from the pointwise inequality (5), u0(∞) = C∗,
u0(r) = εQ(λr) for some λ > 0 and ε ∈ {−1, 1}, and u1 = 0.
Hene in our ase, (u0, u1) ∈ V(δ), and the result follows from Theorem 1.
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